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SPHEROIDAL DECOMPOSITIONS OF E*(%)

BY
J. P. NEUZIL

Abstract. This paper investigates a generalization to E* of the notion of toroidal
decomposition of E3. A certain type of this kind of upper semicontinuous decomposi-
tion is shown to be shrinkable and hence yield E* as its decomposition space.

1. Introduction. In this paper we investigate a generalization to E* of the
notion of toroidal decomposition of E3. The following is a common method of
constructing an upper semicontinuous decomposition of E": Let My, M,, M, . ..
be compact n-manifolds-with-boundary in E™ such that for each i, M; ., <Int M,.
Then let the nondegenerate elements of G be the nondegenerate components of
N {M; : i=20}. If n=3 and each component of each M; is a solid torus then G is a
toroidal decomposition. Examples of point-like toroidal decompositions G of E3
such that E3/G is not homeomorphic to E® have been given by Bing [3], Sher [6],
and Bing and Armentrout [1].

We shall say a decomposition G of E* is a spheroidal decomposition if it is
constructed in the manner described above and each component of each M; is
homeomorphic to S2 x D2. Our result is that if G is a point-like spheroidal decom-
position of E* such that the components of the manifolds used in the construction
have some simple unknotting properties then E*/G is homeomorphic to E%. One
corollary is the following. Suppose G is a point-like spheroidal decomposition of
E* such that if X is a component of M; then M;,, N X has exactly two com-
ponents, say S; X D; and S, x D,, and each S; x {0} is unknotted in X. Then E*/G
is homeomorphic to E*. Sher has shown that the corresponding statement for
toroidal decompositions of E?® is not true [6]. A special case of the result of this
paper has been done by Lininger [5].

2. Notation and terminology. If A is a subset of a metric space, N, (A4) will
denote the open e-neighborhood of A. S™ will denote the unit sphere in E**1, D*
the closed unit disk in E*, and I* the product of [—1, 1] with itself k£ times. We
shall use the terminology of piecewise linear topology as found in [4]. All manifolds
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embedded in E™ will be assumed to be polyhedral. If X is a polyhedral k-sphere
(or k-disk) in E™ then X is unknotted if there exists a piecewise linear homeo-
morphism of E™ onto itself which takes X onto Bd I¥*! (or I¥). If B*~lisan (n—1)-
cell in an n-cell B* then (B", B"~1) is a standard cell pair if it is piecewise linearly
homeomorphic to the pair

([_ l’ I]n, [_19 1]n—1 X{O})

If G is an upper semicontinuous decomposition then H will denote the union of
the nondegenerate elements of G.

If X and Y are topological spaces then a function 4 from Xx[0,1]to Yis a
homotopy. h, denotes the function from X to Y defined by A(x)=Ah(x, t). If each h;
is a homeomorphism then the homotopy is called an isotopy. If A, is a homeo-
morphism for ¢ < 1 then the homotopy is called a pseudo-isotopy. In the remainder
of the paper a homotopy will be denoted by 4,. If A, and g, are isotopies from X into
itself and g, is the identity map on X we define g, * A; to be the isotopy defined by

& * hy(x) = ha(x) fo0=st=s1,

IIA

and
8 *h(x) = gy 1om(x) if}st=1

For any space id will denote the identity map on that space. If M is a triangulated
manifold-with-boundary and 4, is an isotopy on M (that is from M onto itself) then
h; is a push on M if hy=id, h/Bd M=id for all ¢, and each A; is piecewise linear.

A cellular decomposition G of E* is spheroidal if there exists a sequence
My, M, ... of compact polyhedral 4-manifolds-with-boundary in E* such that
(1) for each i, M;,,<Int M; and each component of M, is piecewise linearly
homeomorphic to S2%x D? and (2) the nondegenerate elements of G are the non-
degenerate components of () {M ; : i=0}. A spheroidal decomposition G of E* is
simple if whenever X is a component of M; and X, ..., X, are the components of
M., in X then (1) there is an integer k and a piecewise linear homeomorphism
f of S2x D? onto X, such that f(S?x{0}) bounds an unknotted polyhedral 3-cell
in Int X and (2) there is a polyhedral 4-cell in Int X containing

U{Xi:1<i=<nandi#k}.

Let G be a spheroidal decomposition of E%. We shall adopt the following nota-
tion to describe the 4-manifolds-with-boundary M,, My, ... which define the
elements of G. We shall assume My= X,=S, X D, where S, is a 2-sphere and D,
is a 2-cell. The components of M; will be X, ..., Xy, where X;=S;x D,. If jis a
positive integer, the components of M; will be, Xy, .1, =Si1,..4, X Dys,...1, Where for
certain positive integers m(0), m(iy), m(iyiz), ..., and m(iyi,...i;_;), we have
1<i,=m(0), 1 Zi,S=m(iy), 1 Sis<m(isis), ..., and 1 Si;=m(iyls. . .i;-1). Then the
components of M,,; in Xy, ; will be denoted by X, 41, Xijs, 42, and
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Xito..4;mtrig..ip where /Yiltg..i,k=Si1i2...ijkx Dy, 10 where, for each k, sz...i,k isa
2-sphere and D, y, i, is a 2-cell.

The statement « is an index means either «=0 or for some positive integer
n, a=1iyi,...i, where 1 £i; <m(0), and for k=2, 3, ..., orn,  £i, Sm(iyis. . .ix_1)-
If « is the index i,i,. . .i, and 1 i< m(iyi,. . .i,) then i denotes the index iyi,. . . iyi.
An index a=ii,...i, will be called a stage n index. Hence, if « is a stage » index,
X, is a component of M, and M, ., N X,=J {X, : 1 £i=m(«)}. We shall let 0
denote the center point of each D,. Thus S, x {0} is a spine of X,,.

Next we describe a coordinatization of $2 and name some subsets of S2. We
shall consider E2 to have polar coordinates. Let D2={(p, 6) € E2 : 0< p<2}. There
is a map ® from D? onto S? such that ® is a homeomorphism on Int D? and
®(Bd D?) is a single point. Then ® gives a (polar) coordinatization of S2 in terms
of the polar coordinates of D2. Henceforth we shall use (p, 6) to denote points of
S? in this coordinatization. Therefore if (p, 6) and (o', 8') are points of S? then
(p, O)=(p’, 0') if and only if p=p’ and §=6" (mod 2m), or p=p'=2.

Now if 0=¢, <1, =2 we let

A(ty, ) = {(p, )€ S?: t; < p = 13}

Then A(t,,t;) is an annulus if 0<t,<t,<2 and A(t,t;) is a disk if either
0<t;<ty=2o0r 0=t <1,<2. A(0,2)=S2 See Figure la. f 0=¢=<2, we let

Ct)=A{(p,0)eS*: p=1}.
C(t) is a circle if 0 < < 2 but degenerates to a point :f 1=0 or t=2. If a; <a, we let
Z(ay, a5) = {(p, 0)eS?:a, £ 0 £ ay}.

If a is any number we let

M@ = {(p, )€ S?: 0 = a}.

Wt t.,a1,0.)
'
2,0
A

o\
. . «— M(a)
o\,

FIGURE la



38 J. P. NEUZIL [March

If we think of (0, 0) and (2, 0) as being the poles of S then each C(¢) is a parallel of
latitude on S2 and each M (a) is a meridian of longitude. If 05, <t,<2and a, <a,
then W(ty, t,, ay, a;) will denote A(ty, t;) N Z(ay, ay). If X(-) is any of the sets
defined above then we let X*(-)=X(-) x D2 For instance,

A*(ty, ty) = A(ty, t2) x D2

Next we describe some regular neighborhoods of the sets just defined.
If0<t;—e<t;<ty<ty;+e<2 then R, (A(ty, t;))=A(t,—e, t;+e).

If 0<t,<t;+e<2 then R, (A(0, t5))=A(0, t,+e).

If 0<t,—e<t; <2 then R (A(ty, 2))=A(t,—e, 2).

If a;, —e<a; <a;<as+e and |(a;+e)—(a, —e€)| < 2w, then

R.(Z(a;, a5)) = Z(a,—e, a;+e) U A0, e) U A2—e, 2).

See Figure 1b.
If R.(A(t;, t;)) and R.(Z(a,, a;)) are both defined then

R (W (t1, 13, ay, a3)) = R(A(ty, t5)) N R(Z(ay, a)).

Also we let R, (A*(t1, t2)) = R(A(t1, t5)) x D?, R(Z*(ay, a;))=R(Z(a,, az)) x D?,
and R.(W*(ty, ts, a1, a5))=R(W (14, ta, a1, az)) X D2

R(Z(a,,a.))

Z(a,,a,)

FIGURE 1b

3. The main result.

THEOREM. If G is a simple spheroidal decomposition of E*, U is an open set con-
taining Hg and &> 0 then there exists a push h, on E* such that (1) h|E*— U =id for
all t and (2) if g € G then diam hy(g) <e.

By the proof of Theorem 1 of [2], the following is an immediate consequence.
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COROLLARY. If G is a simple spheroidal decomposition of E* then E*|/G is homeo-
morphic to E*.

The main tool in the proof of the theorem is Proposition (r, s) which will be
proved in the following sections. We first state Proposition (r, s) and give a proof
of the theorem. Throughout the rest of the paper we assume G is a fixed simple
“spheroidal decomposition of E* and we shall use the notation of §2 to describe the
manifolds-with-boundary which define G.

PROPOSITION (r, 5). Let F be a piecewise linear homeomorphism of Sox Do= X,
onto S%x D?. Suppose O=ty<---<t,<t,;,1=2,0=a,<---<a,<as,,=2m and
e>0. Then there exists a push h, on S? x D? and an integer n such that, for each stage
n index o,

hi(F(X,)) < Int R(W*(t;-1, t,, a;_1, a5))
Sfor some i=1, ..., or r+1 and some j=1,..., or s+1.

Proof of the theorem. Let H(e)=\ {g € G : diam g2 &}. Since Hy(e)and E"— U
are disjoint closed sets, there is an integer n’ such that if X, is a component of
M, intersecting H(¢) then X, < U. (If not then some element of G would intersect
both E*"— U and Hyg(¢).) Let

A = {«:a is a stage n’ index and X, N Hy(e) # o}

For each o« in U let F, be a piecewise linear homeomorphism of X, onto S2x D2,
We may choose numbers fo, ..., t,.1, do, ..., @41 and e which satisfy the hy-
pothesis of Proposition (r, s) and a disk D2< D? such that, for each o € % and each
i and j,

diam Fg Y (R(W(t;-1, ti, @51, a)) x D) < .

By Proposition (r, s), for each « € % there is an integer n, and a push Af on S2x D?
such that if B is a stage (n’ +n,) index such that X;< X, then

h{(F(Xp)) < Int R(W*(t,-1, t;, as_1, Gy))

for some i=1,...,orr+1and somej=1,...,ors+1. Let g, be a push on $2 x D?
such that

(1) for each x € S2, g,({x} x D?)={x} x D? for all ¢, and

(2) for each e € ¥, g; o hi(Fy(X, N M, ,,))<Int (S%x D?).

Then for each « € U, if Bis a stage (n’ +n,) index and X, < X, then g, o h§(F,(X}))
is contained in Int [R(W (¥, 1, t,, a;-1, a;)) x D?] for some i=1,..., or r+1 and
some j=1,...,or s+1.

Let n=max {n'+n, : « € A}. Then A, is defined by h|X,=F;* o (g; * h¥) o F, if
« €U and h,=id outside | {X, : « € A}.
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4. Proposition (1, 1).

LeEMMA 1. Suppose x and y are distinct points of S% and S,, ..., and S, are
mutually disjoint polyhedral 2-spheres in Int (S? x D?) such that (1) S, bounds an
unknotted polyhedral 3-cell B® in Int (S%x D?) and (2) there exists a polyhedral
4-cell B* in Int (S? x D?) such that S; - - -U S,<Int B%. Then there exists a push
h, on S2 x D? such that h,(S,) N {x}x D?*= @ and h,(S, V- --U S,) N {y}x D*>=g.

Proof. Let X={x}x D? Y={y}xD? and M=S,U---U S,. We may assume
MnN(Xv Y)=. This may be accomplished as follows: Select a point p in
Int (B%)—(X U Y). Then there exists a push on $2 x D? which is the identity outside
B* and which shrinks M into a neighborhood of p which is disjoint from X U Y.

T(B?)

{

g

N

v,

1
B(B’) J

FIGURE 2

Next we construct several pushes which improve the intersection of S; and X and
which do not push M onto Y. Initially the pushes will push X and Y instead of
S1, S, ..., Sm. Then the push we seek will be constructed from the inverses of
these. We shall construct pushes called 4} for i=1, 2, 3, and 4 and g} fori=1, 2, and
3. For convenience we shall write H' for A} and G* for gi.
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Now, since B® is unknotted, there exists a piecewise linear embedding K of
[—2, 2]* into Int (S2x D?) such that K([—1, 1]*x{0})=B%. Let K([—2, 2]*>x{0})
=B% and K([-2, 2]9)=B" Let

T(B%) = K([—1, 11" x{1} x{0}),

B(B®) = K([—1, 1P x{-1}x{0}),
and
Ba(B®) = K{—1}x[—1, 112x{0}).

T(B?®), B(B®) and Ba(B®) may be thought of as the top, bottom and back of B®. See
Figure 2. After a general position adjustment, each component of (X U Y) N B%is

FIGURE 3

a spanning arc of B2 or a simple closed curve in Int B® and each component of
M N B®is a simple closed curve in Int B3. See Figure 3. Now we begin to improve
XN B3,

Step 1. In this step we construct a push A} on B* such that

(D) A(Y v M)=id and
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(2) each component of HY(X) N B® (=hi(X) N B®) is a simple closed curve in
Int B® or a spanning arc with endpoints in T(B%) U B(B3).

We shall describe the construction of A} in detail. X N [Bd B®—[T(B%) U B(B?%)]]
is a finite set {x,, . . ., x,,}. There exist mutually disjoint polyhedral 3-cells B%(1), .. .,
and B®%n) in Int B® such that for each i=1,..., or n,

(3) B3(i) n B®is a 3-cell,

(4) B3(i) N Bd B® s a 2-cell B%(i),

(3) B%(@) N X={x},

(6) (B%(i), B%(i)) is a standard cell pair,

() B Nn(Mv Y)=a, and

(8) B2(i) intersects Int [T(B3) U B(B?)].

See Figure 4. Let B%(1), ..., and B%(n) be mutually disjoint polyhedral 4-cells in

FIGURE 4

B* such that for each i=1,..., orn,

(9) B*(i) N B®*=B%(),

(10) B* () n (M VU Y)= @ and

(11) (B*(i), B3(?)) is a standard cell pair.

Then, for each i=1,..., or n, there exists a push f{ on B2() such that
¥(x)) € T(B®) U B(B®). Since (B%(i), B(i)) is a standard cell pair, f{ may be ex-
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tended to a push, still called £, on B3(i) such that £{(B%(@i) N B%)=B3i) N B for
all i. Then f;! may be extended to a push, again called f;, on B%({). Then the push
desired in Step 1 is A} defined by A}|B*(i)=f; and h}=id elsewhere.

Step 2. Using methods similar to those of Step 1, we may construct a push A?
on B* such that

(12) AZ|(Y U M)=id and

(13) each component of H2 o HY(X) N B® (=h? - h}(X) N B®) is a spanning arc
with endpoints in T(B3%) U B(B3).

Figure 5 illustrates the action of H2 on one component of H*(X) N B® which is
a simple closed curve. Figure 6 illustrates the result of H2 o H. (Compare with

Figure 3.)
E F‘\T H:(H(XN BY))

FIGURE 5

Let pr denote the projection of B2 onto Ba(B?®).

Step 3. There is a push 4} on B* such that

(14) B}|Y U M=id,

(15) each component of H3 o H2 o H'(X) N B®is a spanning arc with endpoints
in T(B®) U B(B®), and

(16) pr|H® o H% o HY(X) N B® is a homeomorphism.

Figures 7a, 7b, and 7c illustrate the action of A} in successive stages.
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quoHl(X)nBs

FIGURE 6

Step 4. There is a push A¢ on B* such that

(A7) kM L Y=id,

(18) pr|H* o H® 0o H? o HY(X) N B? is a homeomorphism, and

(19) each component of H* o H® o H% o HY(X) N B® is an arc which spans B®
from T(B%) to B(B3).

Figure 8 illustrates the action of H* on one component of H® o H2 o HY(X) N B3
which has both endpoints in T(B%).

Let B2=K({0}x [0, 1]x[—1, 1]x{0}). See Figure 2. By (18), there exists a
homeomorphism L from B® onto itself such that L(T(B%)=T(B%), L(B(B®))
=B(B®), and L(H* o H® o H? o H(X) N B® < B2, See Figure 9. At this point it
becomes awkward to carry through the picture of B® given in sequence in Figures
3 through 8. Hence Figure 9 does not correspond to the preceding figures. Let
gi=Mh) "% (A1« (h}) 1+ (h})~*. Then we have arrived at the following
situation:

(20) for all ¢, g}(S, V---U Sp) N(X VU Y)= g, and

(21) each component of X N G*(B?) is an arc in G* o L~*(B2) which spans G*(B°)
from GY(7°'(B®)) to G*(B(B?)).



[ “l \\\ l‘l
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FiG 7
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F E 7b

H H*.H'(X) N B®
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V‘ FIGURE 7¢
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HoHoH H(X)NB_

FIGURE 8

We may assume, using general position, that each component of
G (S V---U S,) N G*o L~Y(B? is a singleton. Hence,

Step 5. There is a push g? on G*(B*) such that

(22) g?|GX(B®) is a push on G*(B?) and

(23) G2 GY(SyU---US,)N[G' oL Y(B) U Y]=2.

g?|G*(B®) may be constructed as follows: If

G'(S; V-V Sp) NG o L7H(B%) = {yy, ..., yi},

draw mutually disjoint arcs A4,,..., and 4, in G* o L~*(B?) such that for each
i,Int 4;<Int G' c L~%(B?%), 4; N\ Y= @, y, is an endpoint of 4, and the other end-
point is in Bd (G* - L~1(B?%)) N Int G*(B%). Then, by a push g? which is the identity
outside a neighborhood of | J {4; : 1 <i<k} which does not intersect Y, {yy, ..., yi}
may be pushed off G* - L~(B2). See Figure 10.

Step 6. There is a push g7 on G2 o G}(B*) such that

(24) g8|G% 0 G (S, V- - -V S,)=id,

(25) g3(G? o G(B®)<=G? o GX(B®) for all ¢, and

(26) G®0 G2+ G*(B¥ N G? o GY(L™Y(BY))=o.

g¢ may be constructed as a push which pulls G2 o G*(B®) into itself and which is
the identity outside a small neighborhood of G2 o G*(L~*(B?)).
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G'oL-(T(BY) i
\ G'sL'(BY)

YNG'-L(B)

" GoL-1(B(BY)

FIGURE 9

Let h,=g? * g7 = gi. The conclusion of the lemma then follows from (21), (23),
(24), and (26).

LEMMA 2. Suppose Si, ..., and S, are mutually disjoint polyhedral 2-spheres in
Int (82 x D?) which satisfy (1) and (2) of Lemma 1, and D, and D, are disks such
that S?= D, U D,. Suppose also, for i=1 or 2, R(D)) is a neighborhood of D, on S?
and D? is a polyhedral disk in Int D2. Then there exists a push h, on S% x D? such that
for each i there exists j=1 or 2 such that hy(S;))<Int (R(D;) x D?).

Proof. We may assume D,=cl (§2— D,). (If not replace D, by cl (S%— D,).)
Also, we may assume S2— R(D;)# @ for j=1 or 2. (Otherwise the lemma is trivial.)

Choose x; € S2—R(D;,). By Lemma 1, there is a push g, on $2x D? such that
81(S1) N ({x1}x D¥)=g and g(S, U---U S,) N ({xs}x D)= @. For j=1 or 2
let N; be a neighborhood of x; on S? such that (N, x D?) N g,(S,)=@ and
(Nex D) N gy(S; U---U S,)=@. There exists a push f£i on S2 such that
f1(S2—Ny)< R(D,) and f,(S?— N,)< R(D,). Choose a disk C2 in Int D? such that
81(S1 U S, U---U S, )= 82 x C2 Extend £, to a level preserving isotopy (still called
J)onS%x C2 Thenf; o g,(S;)<R(D;) x C2and f o g,(S, V- - -U S,)<R(D,) x C2.
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<

GG (S,U - -+ US,) NG e L(BY) G‘oL-‘(BZ)1

Q@ N
i

///////’

N——

v

FIGURE 10
f: may be extended to a push on S2 x D2 Finally, there is a push k; on $2x D? such
that, for each x € S?, ki({x} x D?)={x} x D% and
kl ofi °gl(S1 V) Sz U...V Sm)cszxﬁz.
Then let b=k, * f; * g;.

LeMMA 3. Suppose Sy, ..., and S, are mutually disjoint polyhedral 2-spheres in
Int (S2 x D?) such that, for each i, there exists j=1 or 2 such that

Si < Int R(Z*((j— Dy, jm)),
where e >0. Then there exists a push h, on S% x D? such that if
Si < Int R(Z*((j— Dy, jm)
then S;= D,0) U D,(1) where, for I=0 or 1, h,(D()) is a disk in
Int R(W*(l, I+1, (j—)m, jm)).

At this point the notation becomes cumbersome and we shorten it to facilitate
the proof. The notation described below is used only in the proof of Lemma 3.
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Let
U() =Z¥(—Dm,jm) j=1lor2,
U = 4*(l, 1+1) I=0orl,
and
u@() = U,n U@).
Note that each of these is a closed set. We may think of U, and U, as being the
northern and southern hemispheres of the thickened globe. See Figure 11. Then

Hnm s
H® > b

FIGUre 11

U(1) and U(2) are the eastern and western hemispheres and U(j) denotes a quarter
of the thickened globe. Thus the hypothesis says each S, is contained in a neighbor-
hood of either the eastern or western hemisphere. The conclusion says we may
push the S;’s around so that, for each 7, S, is a union of disks, each of which is
contained in a quarter sphere. We make one more simplification of notation. If
X=U, U(j), or U(j) then we let R(X)= R, (X).

Proof of Lemma 3. Let K*=U, N U, =C*(1). We assume each S; is in general
position relative to K* and we assume also each S, intersects K*. (If a particular S;
does not intersect K* it may be pushed so that it does intersect K* and still is
contained in one of R(U(1)) or R(U(2)). This may be done without moving any
other S;. The lack of this adjustment would create a necessity for special cases, both
in the statement of the lemma and its proof.) Next, if necessary, we reorder S, .. .,
and S, so that there is an integer r such that 1<r<m, S, R(U(1)) if 1<i<r and
SicR(UQ)) if r<izsm.
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Step 1. There is a push f; on S2?x D? such that

(1) fi;=id on U; and

(2) for each i, S; contains a disk-with-holes P, where

(i) if 1 i=r then f1(P)< R(U,(1)) and cl (f1(S;—P;))< R(Uy(1)) and
(i) if r<i<m then f1(P;)< R(U,(2)) and cl (f1(S;— P;)) < R(Uy(2)).

f¢ is constructed in two parts, denoted (A) and (B) below.

Now for each i, S;=0;(0) v Q,(1) where Q;(0)=S; N U, and Q,(1)=S; N Uj.
Then Q40) N Qy(1)=Bd Q,(0)=Bd Q,(1) and each Q,(j) is a union of finitely many
mutually disjoint disks-with-holes. Let P(1), . . ., and Py(q;) denote the components
of Q,(1). For each i choose mutually disjoint arcs 4,(1), ..., and 4,(g¢;— 1) in Q,(0)
such that if 1=/<gq; then Bd 4;(/)=Bd Q(1) and Q1) U{4(): 1=5I<q;} is
connected. Let T2 be the 3-cell {(p, 6) : 0=n/2 and —e =< p=<e}x D2 See Figure 11.
We may assume each A4;(/) and each S; is in general position relative to 7. Then
for each i and /, Ai(/) N T is a finite set in Int 73 and (S, U---U S,) " T3is a one
dimensional polyhedron. See Figure 12.

Part (A). Push | {4;(}) : 1=i=mand 1 =/<gq;} out of T3. There exist standard
cell pairs (B%(1), B3(1)) and (B*(2), B%(2)) such that

(3) B%(1) n B*(2)= g,

(4) for k=1 or 2, BX(k)<Int [Uy(k)— R(U,)],

) B*\)NnSi=g3 ifr<ism,

6) B*(Q)n S;=oz if 1Zi=r,

(7) B¥3k)—T®*# o if k=1 or 2,

(8) B4k) " T3=B3%k) N T3 for k=1 or 2,

(9) B3(1) N T3 contains T3 N [U {4()) : 1=i<rand 1=I/<gq;}], and

(10) B3(2) N T® contains T2 N [\J {4i()) : r<ismand 1 =l<q}]

Then there exists a push ¢! on B3(1) such that ¢i(4,()) N T3)<B3(1)-T3 if
15i<rand 1=/<gq and there exists a push ¢ on B3(2) such that ¢2(4,(/) N T?)
< B32)—-T?ifr<i<mand 1 £/<gq,. Each ¢f may be extended to a push (still called
o¥) on B%(k). Then we define w;, to be the push on S$2 x D? such that w,=id outside
B*(1) U B%(2) and wy|B*(k)=¢} for k=1 or 2.

Part (B). Push | {w,(4;(})) : 1=i=m and 1=/<gq;} into R(U,) N R(U,). Now

TPnlUwA):1si=mandl =l<gq}] = o,
hence there exists a 2-cell 72 on S2 such that 73 N S2<T?2 and
TExD)N[Uwi4):12ismandl 2l <q}]l = o.

Let D? be a disk in Int D? such that $2 x D? contains |J {wy(S)) : 1 <i<m}. Then
there exists a push v, on S2 such that

(1D v(Uo(j) N S2=Uy(j) N S2 for j=1 or 2,

(12) v(R(Uo(j)) N S?)=R(Uy(j) N §?) for j=1 or 2,

(13) v,=id on U, N S% and

(14) Int v,(T®) contains cl (Uy— R(Uy)) N S2.
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TN[U{S:1=isr}]

T*N[U{S:r<izsm}]_J
FIGURE 12

Then we extend v, levelwise to an isotopy (not a push) on $2x D? and then to a
push (still called v,) on $2x D2 Let f,=v, * w,. Then

Si(A4() < Int [R(Uo(1)) N R(U,(1))] ifl sis,
and
Si(A4D) <= Int [R(Uy(2)) N R(UL(2))] ifr <is<m.

Now Qi(1) U 4,(1) U- - -U Ai(q;—1) is a connected subset of S;, hence there exists
a disk-with-holes P, such that Q,(1) U 4,(1) U---U 4(q;—1)<=P,<S,,

(15) fi(P)<Int R(U,(1))if 1Zi<r, and

(16) fi(P)<Int R(U,(2)) if r<i<m.

Hence Step 1 is accomplished.

Then for each i, S;=P, U E(1) U---U E(z;) where P; is a disk-with-holes,
E(1),..., and E(z,) are the components of S;—Int P,

(17) if 1ZiZr then f1(P)< R(U,(1)) and fi(E(1) U- - -U E(z))<=R(Uy(1)), and

(18) if r<i=m then fi(P)< R(U,(2)) and fL(E(1) U- - -V E(z))< R(Uy(2)).

Now for each i construct mutually disjoint arcs Cy(1), ..., and Cy(z;—1) in P;
such that, for each /, Int C(/)<Int P; and C(/) has one endpoint on Bd E,(/) and
the other on Bd E,(/+1).

Step 2. Using the techniques of Step 1 we may find a push g, on $2 x D? such that

(19) g,=id outside U,,

(20) if S;<=Int R(U(j)) then g, o f1(S))<Int R(U(j)),

@21) g1 /1(C(1) V- - - U Czi— D)) <Int [R(U(1)) N R(U, ()] if 1=i<r, and

(22) g1 A(C(1) V- - -V C(z;—1))<Int [R(Uy(2)) N R(U,(2Q)] if r<i<m.
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Since E(1)U---U E(z)) U C(1) U---U Cy(z;—1) is a connected and simply
connected subset of S}, there exists a disk D;(0) such that

EMN)U---UE(z)V C(1)V---U Cyz;—1) © D(0), D(0) < S,

(23) g, o fi(Dy(0))<Int R(Uy(1)) if 1 Zi=r, and

(24) g1 < fi(D(0))<Int R(Uo(2)) if r<i=m.

Then Dy(1)=S;—Int Dy(0) is a disk in P;. Hence

(25) g1 o fi(D;(1))<Int R(U,(1)) if 1Zi<r and

(26) g, o fi(Dy(1))<Int R(U,(2)) if r<i=m.

Then the proof is finished if we let A,=g, * f;.

Proof of Proposition (1, 1). In this case we have O0=f,<t;<t;,=2 and
0=a, <a, <az;=2n. Now Z(a,, a,) and Z(a,, a,) are disks and

82 = Z(ao, a) Y Z(ay, ay).

Also, F(S)), ..., and F(Syq,) are polyhedral 2-spheres in Int (S2x D?) and, since
the decomposition is simple, we may assume (1) and (2) of Lemma 1 are satisfied.
Hence, by Lemma 2, there is a push v, on S2x D? such that if 1 <i<m(0) then
0:1(F(Sy))<Int R,(Z*(a,-,, a;)) for j=1 or 2. Then v,(F(S})), ..., and v,(F(Sno))
satisfy the hypothesis of Lemma 3. Therefore there is a push w, on S%x D? such
that for each i=1, ..., or m(0) there exists j=1 or 2 such that S;=D;(0) U D(1)
where D;(0) and Dy(1) are disks and for /=0 or 1,

wy o 03(F(Dy(1))) < Int R(W*(t, t 41, G; -1, a5)).
For each i and / choose a neighborhood R(D;(/)) of Di(/) on S; such that
wy o vy o F(R(Dy(I))) < Int R(W*(t), t,+1, a1, a;)).
For each i=1, ..., or m(0) choose a disk D, in Int D, such that if
wy o 0y o F(Di(1)) < Int R(W*(t,, t,41, a;_1, a)))

then wy o v; o F(R(D(!)) x D)<Int R(W*(t,, ti11, a;-1, ay)).

By Lemma 2, for each i=1, .. ., or m(0), there is a push gi on w, o v,(F(S;x D;))
such that if {"=1,..., or m; then g! o w, o, o F(Sy) is contained in one of
wy o vy o F(R(D(0)) x D;) or w, o v, o F(R(D(1)) x D;), and hence in

Int R(W*(t;, t,+1, a1, a;)) for some / and j.

Let u; be the push on S2x D? such that u|w; o v; o F(S;x D;)=gi and u,=id else-
where. Finally, if « is a stage 2 index there exists a push £ on u; o w, o v; o F(X,)
SUCh thatff SUy oW 000 F(Xa N Ma)clnt Re(W*(t[, tl+1’ a;_1, a,)). Let

kiluy o wy o vy 0 F(X,) = fi* and k, = id elsewhere.

Finally, let h,=k, * u, * w; * v,.
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5. Proposition (7, 1).

LEMMA 4. Suppose 0=s,<s8,<---<8§_1<8=2 and 0=ay<a,<a,=2w, and
e>0. Suppose Si,..., and S, are mutually disjoint polyhedral 2-spheres in
Int (S2 x D?) such that for each i, there exists j=1, ..., or r and k=1 or 2 such that

S; < Int R(W™*(sj-1, Sj Axc -1, Q)

Suppose also t,, . . ., and t, ., are numbers such that to,=s,, t, .1 =5, and fori=1, .. .,
orr, s;_,<t;<s;. Then there exists a push h, on S? x D? such that for each i=1, .. .,
or m, S;=E(0) U E(1) where, for I=1 or 2, E(l) is a disk and there exists j=1, . . .,
orr+1 and k=1 or 2 such that

h(EWD) < Int R(W(t;-1, t}, Qr—-1, ax)).

Proof. Again we shorten the notation to facilitate the proof. The notation
described below is used only in the proof of Lemma 4.
Let Vi(k)= W*(s;-1, 83 @re—1, &), Vi(k)=W*(s;_1, t}, ar_1, @), and

Vi(k) = W*(, 55, Gx-1, ax)

for j=1,..., or rand k=1 or 2. See Figure 13.

For j=1,..., or r we let V;=V, (1)U Vy2),V,=V;1)uU V;2), and
Vi=Vi(1) v ¥Vj2). If X is any of the sets defined above we let R(X)=R.(X). We
shall assume e is small enough so that if X and Y are any two of the sets defined
above and X N Y= ¢ then

(1) RX)NR(Y)=ga.

Now we choose an indexing function 7 from {Sj, . . ., Sy} into

{G,k);1<jsrandk =1or2}

such that I(S;)=(j, k) implies S;<Int R(V(k)). We shall assume, to avoid special
cases, that I(S;)=(J, k) implies S; N C*(t;))=S; N (V; N V)# & and that each S;
is in general position with respect to each C*(z)).

Step 1. Adjustments in V, and V,. In this step we construct a push w; on S2x D?
such that

(2) w,=id outside V; U V7,

(3) if I(S) =(J, k) then w,(S;)<Int R(Vy(k)), and

@) if I(S)=(1, k) or (r, k) then S;=P; U Di(1) U---U Dy(q;) where P, is a disk-
with-holes, Dy(1), ..., and Dy(q;) are the components of S;—Int P; and

(a) if I(S;)=(1, k) then w,(P;)<Int R( V{'(k)) and, for each /,

wi(D(1)) < Int R(V1(k)),

and
(b) if I(S;)=(r, k) then w,(P;)<Int R(V;(k)) and, for each /,

wi(Dy(D) < Int R(V; (k).



54 J. P. NEUZIL [March

The construction of w, in ¥ is done exactly as in Step 1 of Lemma 3. (In that
proof replace U, by Vi and U, by Vi U V, U---U V,.) w|¥, is constructed in a
similar manner. See Figure 13. Figures 13 through 15 should not be considered to
be pictures of the situation but to be schematic diagrams to help visualize the pushes.

w(Di()’s

w,(S))
for \ a
I(S) = (1,k) R N

w,(S)’s
for
I(S) = (j,k)
1<j<r

Va(k)

V,_1(k) = Vi(k)

I(S) = (r,k)

w,(D,(1))’s

FIGURE 13
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viow,(Di(l))’s

how,(S) \ \
for \ :0 \
1)=0h 4 N

bown(BD) ~ S L
LTINS

vlow1(Pi) \-,'
Bow,(S)—_ " :

for I(S) = @B i\ ¥

=
Bowy(S) Tl
for o
I(S) = (j,h) Vi(k)
2<j<r

/“‘;..: .~ .

\%

Ulowl(S.') “g ,/’ /\ ‘Ir(k)
for R V7 (k)

I(S) = (r,k)

/

vow,(D:(1))’s
FiGURe 14
Now if I(S;)=(1, k), choose arcs Bi(l), ..., and B(q,— 1) in P; such that, for each
1, Int B(/)<Int P;and By(/) has oneendpointon Bd D,(/)and the otheron Bd D,(/+ 1).

Step 2. Adjustments in V,. In this step we construct a push v, on S2x D? such
that
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(5) v,=id outside R(V3),

(6) if I(S) =(j, k) where j>2 then v; o w,(S;) =w,(S;)<Int R(V,(k)),

(7) if 1(S))=(1, k) then v; o w(Dy(1) U+ - - U Dy(gi))<Int R(V1(k)),

(®) if 1(S)=(1, k) then v, o w,(By(1) U- - -U By(g;—1))<Int R(V1(k)),

9) if I(S) =(1, k) then v, o wy(P)<Int [R(V{(k)) U R(V3(k))], and

(10) if I(S))=(2, k) then S;=P, U D|(1) U---U Dy(q;) where P; is a disk-with-
holes, D(1), ..., and Dy(q;) are the components of

Si—Int P{, U, 0 Wl(P{) < Int .R( V;(k))

and, for each /, v; o w(D;(I))<Int R(V3(k)).
Figure 14 illustrates the result of applying v;.
Let H; be a projection along meridians of

R(V3) = A*(s1—e, ty+e) = A(s,—e, t,+e) x D?

onto C*(t,) = C(t,) x D2. That is, if ((p, 9), d) € R(V3) where (p, 0) € A(s; —e, t;+€)
and d € D? then

Hy((p, 9), d) = ((s2, 0), d).
Then H, is the final stage of a pseudo-isotopy H, such that H,=id where

Ht((P, 0)3 d) = (((s2_ P)t+ Ps 0)’ d)°

Note that

(11) For each ¢ and k, H(R(Va(k)))=R(Va(k)), H(R(V3(k)))<=R(Vi(k)) and
H(R(V3 (k)<= R(V3(k)).

Now if I(S)=(2, k), let w;(S)=S8;=0Q; U Qf where Q;=S;N (V7 U V3) and
0/=8; N (V5 U V3). By the general position, each of Q; and Qf is a union of
finitely many mutually disjoint disks-with-holes and Bd Q;=Bd Qi =S; N C*(y).
Let the components of O} be C(1), ..., and Cy(z;). Choose mutually disjoint arcs
A1), ...,and A,(z,— 1)in Q;suchthat, foreach/=1,...,orz;— 1, Bd 4(/)=Bd O}
and Q; U [U {4,(]) : 1 21<z]}] is connected. Hence for each /, A(/)<= V7 U V. We
make a general position adjustment of each S; so that

H |U{AD :I(S) =@, k)and 1 £ 1< z}

is a homeomorphism. In fact, we may assume that if 7(S;)=(2, k) and 1 </< z, then
B (D)= {H(4,())) : 0=t=<1} is an unknotted 2-cell and BZ(/) N B¥(k)= o if
i#j or [#k. By another general position adjustment we may assume
U{BH) : I(S) = (2,k)and 1 = ] < z}}
is disjoint from
U m(B) : I(S) = (1, k)and 1 £ I < g}

For each i and / choose a 4-cell Bf(l) such that

(12) B{(l)<Int R(V5(1)),

(13) B(l)<Int B,
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Uovow(D:(l))’s

T

B @ Vi(k)

..

Vi_i(k) = Vi(k)

FIGURE 15

(14) BX() N BXKk)= o if i#] or I#k,
(15) Bf(l) is disjoint from

U{wmBMD): I(S) = (I,k)and 1 = < g3,
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and

(16) if ((p, 6), d) € Bi(l) then H((p, 9), d) € B(!) for all ¢.

We now describe v, by constructing it as a push on each B{(/). Fix integers / and /
such that 1(S;)=(2, k) and 1 =/<z;. Then there is a push v, on B#(/) such that

(17) vi(4i(D))<Int [R(V2(k)) N R(V3(k))] and

(18) if x € Bf(l) and 0=t <1 then there exists ¢’ such that v/(x)= H,(x).

Then v, is extended outside | {B£(/)} by the identity. Then (5) follows from (12)
and (12) also implies each Bi(/) is disjoint from R(V;) if j> 2, hence (6) is satisfied.
Now if I(S)=(1, k) and 1=/=<gq; then w;(Dy(!))<Int R(Vi(k)). But (12) implies
each Bj(l') is disjoint from R(V;(k)), hence v; o wy(Dy())=wy(D,(!)) and (7) is
satisfied. Similarly, (15) implies (8) and (4a), (11) and (18) imply (9).

Suppose I(S;)=(2, k). Recall wy(S))=0Q; U Qi where Q;<Int R(V3(k)) and
Qi <Int R(V3(k)). (11), (17) and (18) imply v,(Q;)<Int R(V3(k)) and

v1(QF U A1) V- - -V A(z,—1)) < Int R(VZ(K)).
Now (wy)~3(Q7 U A(1) U---U A(z;— 1)) is a connected subset of S, therefore
there exists a disk-with-holes P; on S such that
w) N QT VAUV A(z—1)) < P,
and
vy o wi(Py) < Int R(V3(k)).
Then if Dy(1), ..., and Dy(q;) denote the components of S;—Int P;,
v o wy(Dy(1) V- - -V Dy(qy) < v2(QD)
and v,(Q))<Int R(V;(k)). Hence (10) is satisfied.

Step 3. Adjustments in Vs, Vy, ..., and V,_;. In this step we construct a push ,
on S2%x D? such that

(19) u,=id outside R(V3) U R(Vy) U---U R(V;_)),

(20) if I(S))=(J, k) where 1 =j<r—1 then S;=P, U D(1) U---U D(q;) where
P, is a disk-with-holes, Dy(1), ..., Di(q;) are the components of S;—Int P, P; con-
tains arcs By(1), ..., and By(q;—1) such that if 1 =</<gq; then B;(/) has one end-
point on Bd D(/) and the other on D,(/+1) and Int Bi(/)<Int P,,

Uy o v o wy(D(1) V- - -V D(gy))< Int R(V}(k)),
Uy o vy o wy(By(1) V- - -V By(q,—1)) < Int R(V](k)),
and
(a) if j<r—1 then u; o v; o wy(P)<Int [R(V](k)) U R(V}, (k))], and
(b) if j=r—1 then wu; o v; o wy(P)<Int R(V](k)) (the special case, (b), arises
because no adjustment is made in ¥, in this step), and

(1) if I(S)=(r, k) then S;=P, U D,(1) U---U Dy(q,) where P; is a disk-with-
holes, Di(1), ..., and Dyq;) are the components of

S;—1Int P, u; o v; o wy(P,) < Int R(V;(k))
and
uy o vy o wi(D(1) V- - -V Dy(gy)) < Int R(VY (K)).
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Figure 15 illustrates the result of u;.

Now (21) will follow from (4b) since v;|V,=1u,|V,=id for all £. We construct u, as
follows. Let u,=id on R(V3) U R(V;) U R(V,). Then for j=1, (20) follows from
(7, (8), and (9). Now for j=2, from (10), S;=P; U D(1) V- --U D(q,) where P, is
a disk-with-holes, etc. We choose arcs Bi(1), ..., and By(g;—1) in P; such that if
1 =/<gq, then Bi(I) has one endpoint on Bd D;(/) and the other on Bd Dy(/+ 1) and
Int B,(/)<Int P,. Now we construct a push g# on S2%x D? such that g =id outside
R(V3) so that (20) is satisfied for j=2 with g? replacing u, and such that if
I(S)=(3, k) then S;=P; v D(1) U---U Dy(q;) where P; is a disk-with-holes,
Dy(1), ..., and Dy(q;) are the components of S;—Int P;,

83 o vy o wi(P) < Int R(V5(K))
and
83 o vy o wi(Dy(1) V- - -V Dy(gy)) < Int R(V3(k)).

g2 is constructed exactly as v, is constructed in Step 2. Next we choose B(1), .. .,
and Bi(q;—1) for all i such that I(S;)=(3, k) and, using the procedure of Step
2 again, construct a push gf on S$2x D? such that gt =id outside R(V;) and such
that (20) is satisfied with g? replacing u,. In this manner we construct pushes
g%, ..., and gf such that if 5Sk=<r then gf=id outside R(V;) and so that is
Jj=k then (20) is satisfied if u, is replaced by gf. Then we let u,|R(Vy)=gF|R(V) for
k=3,...,or r—1 and u,=id elsewhere.

Step 4. A second adjustment in V,. In this step we construct a push k, on S2 x D?
such that

(22) k;=id outside R(V;(k)),

(23) if I(S;)=(r, k) then S;= E(0) U E(1) where each of E,(0) and E(1)is a disk,
ky o uy o vy o wi(Ei(0))<Int R(V;(k)) and k; o u; o v, o wy(E(1))<Int R(V;(k)), and

24) if I(S;))=(r—1, k) then

kyouy oy owy(D(1) U---U D(qy)) < Int R(V,_,(k)),
kyouyovyowy(B(1)U-.-U B(gq,—1)) < Int R(Vy_,(k)), and
ky o uy o vy o wy(Py) < Int [R(V/-1(K)) Y R(V;(K))].

Now if I(S;)=(r, k), the position of u; o v; o wy(S;) is described by (21). Thus we
may choose arcs By(l),..., and By(q;—1) in P; such that if 1=</<g; then
Int B(/)<Int P; and By(/) has one endpoint on Bd D(/) and the other on
Bd D,(I+1). Using the techniques of Step 2 again, we construct a push ., on
S§2x D? which satisfies (22) and (24) and such that -

(25) for all 1, k(R(V/ (k))<= R(V;(k)), k( R(V7 (k))<= R(V(k)), and

k(R(V7-1(k))) = R(Vy-1(k)) VU R(V;(k)),
and

(26) if I(S;)=(r, k) and 1=/<gq, then

ky o uy o vy 0 wi(B()) < Int [R(V;(K)) N R(V{(K))].
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Now if I(S;)=(r, k) then
D(1)V---VU D(q) Y B(1) V---VU B(q,—1)
is a connected and simply connected subset of S; and
kyouyovy 0wy (D(1)V---U D(q) Y B(1) U---U B(q;—1))

is contained in Int R(V;(k)). Hence there exists a disk E,(1) such that

D) V---U D(q) U B(1) VU---U B(g—1) < E(1) < S
and k; o uy o vy o wi(E(1))<Int R(V,(k)). Then Step 4 is completed by letting
E(0)=S;—Int E(1).

Now we describe what has been accomplished by w;, v;, %, and k;:

7) if I(S)=(j, k), 1=j<r—1, then S;=P; U D(1) U---U Dy(q;—1) where P,
is a disk-with-holes, D(1),..., and Di(q;) are the components of S;—Int P,
kyouy o vy o wy(P)<Int [R(V](k)) U R(Vj.+1(k))] and if 1 =1=g;,

ky o uy o vy 0o wi(Dy(1)) < Int R(V;(K)).

Also there are arcs By(1),..., and By(g;—1) such that if 1=</=gq; then
Int B(/)<Int P,, B,(/) has one endpoint on Bd D,(/) and the other on Bd D;(/+1),
and k; o uy o vy o wy(B(/))<Int R(V;(k)). Also

(28) if I(S;)=(r, k) then S;=E(0) U E,(1) where E,(0) and E(1) are disks,
ky o uy 0 vy 0 wi(E(0))<Int R(V;(K)) and k; © uy o v; o wy(Ei(1))<Int R(VY (k).

Step 5. A second adjustment in R(V,), R(V3), .. ., and R(V,_,). In this final step
we construct a push f; on S2x D? such that

(29) foreachi=1,..., orm, S;=E0) U E(1) where Ej(0) and E(1) are disks and

(a) if I(S)=(1, k) then
S1okyouy ovy 0wy (E(0)) < Int R(Vi(k))
and
Siokyouy ovy 0 wi(E(1)) < Int [R(VI(K)) V R(Va(K))],

) if I(S)=(j, k), 1 <j<r, then f; ok, ou, ov,ow(E(0)) is contained in
Int [R(V}-1(k)) U R(Vi(k))] and f; o k; o u; o v; o wy(E(1)) is contained in
Int [R(V7(K)) © R(Vj.1(k))],
and
(c) if I(S))=(r, k) then f; o k; o u; o v; o w,(E(0)) is contained in

Int [R(V-1(k)) U R(Vi(K))]

and f; o ky o uy o vy o wi(E(1))<Int R(V;(k)).
First we construct f; on V,_,. Now if I(S)=(r—1, k) then

kyouyov; owy(D(1) V- --U D(gqy)) < Int R(V,/_1(k))

and
k1 Uy oDy 0 wl(B‘(l) V.-V B‘(q‘—' 1)) < Int R(V:_l(k)).
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Hence, using the techniques of Step 2, we may construct a push £~ on S2 x D? such
that :

(30) fr—t=id outside R(V;_,(k)),

(31) for all £ and k=1 or 2, fiF "} R(Vy-1(k)) < R(V,_1(k)),

ST RV-(K)) < R(VY-a(K)),
and

SHRIV(E)) < R(VI_1(k) Y R(V{(K)),

and
(32) if I(S;))=(—1, k) and 1=]/<gq, then

Si" Yo ks ouy o vy o wi(By(D)) < Int [R(V/-1(k)) N R(V/-1(K))].
Then for I(S)=(r—1, k),
1™t okyouyovy o wy(D(1) U---U Dg) Y B(1) V- --U B(qi—1))
is contained in Int R(V;_,(k)). Hence there is a disk Ey(0) such that
DM V..U D(g)V B(l)U---U B(q;—1) = E0) = §;

and

(33) fI7t o ky o uy o vy o wy(E(0))<Int R(V;(K)).

Let E(1)=S;—Int E,(0). Then E(1)<P, so

(34) fi7t o kyouyovy o wi(E(D))<Int [R(V7_1(k)) W R(V;(K))].

Also, (31) and (28) imply (29(c)) is satisfied if f; is replaced by f7~!. Similarly
there is a push f;"~2 on §2x D? such that

(35) fir~2=id outside R(V;_4(k)),

(36) for all t and k=1 or 2,

SRV _o(0) = R(VI_a(k)),  f2(R(VY_o(K))) <= R(VY_o(K)),

and f=2(R(V;- (k))<= R(V7-5(k)) U R(V,_(K)), and
(37) if I(S;)=(r—2, k) and 1 =/<gq, then

1720 ky o uy o vy o wi(B(l)) < Int [R(V;_a(k)) N R(V;_1(K))].
Then if 1(S))=(r—2, k),
i 2okyouyovyowy(D(1) U---U D(q)V B(1) U---U Bi(g;—1))
is contained in Int R(V,_4(k)). Hence there is a disk E,(0) such that

D(1)V---U D(q) VY B(1)U---U B(gq;—1) = E(0) = S,
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and
(38) fi72 0 ky o uy 0 vy 0 wi(E(O))<Int R(V;_o(K)).
As above, let Ey(1)=S,—1Int E(0). By (27) and (37),
(39) f1=20ky o uy o vy o wy(E(1)) is contained in Int [R(V,_q(k)) U R(V;-1(k))].
Also, (36), (33) and (34) imply (29(b)) is satisfied for j=r—1, if f; is replaced by
1720 7%
We continue in this manner to construct a push £ =2 on S2 x D? such that f; -2
=id outside R(V,_,), so that (29(b)) is satisfied for j=r—2 if f; is replaced by
T30 fI720f7 'and so that if I(S;)=(r—3, k) then S, is a union of disks E;(0)
and E(1) which satisfy properties similar to (38) and (39). Then in succession we
construct f{ "%, ..., and f;*. We finish Step 5 by letting fi=f' * f2 - - -* f ~1. We
finish the lemma by letting h,=f; * k; * u, * v, * w,.
Proof of Proposition (r, 1). Since we have already proved Proposition (1, 1), we
assume r> 1 and that Proposition (r—1, 1) is true. Hence we have

O=ty<t; <+ <ty1=2 and 0=ay < a, < a; = 2m.

Choose numbers sg,..., and s, such that so=to, 5,=f,,, and #;<s;<t;,, if
1 i<r. Then by Proposition (r— 1, 1), there is a push w, on S% x D? and an integer
n’ such that for each stage n’ index «, w,(Fo(X,)) is contained in

Int Re( W*(S,-_ 15 Si» aj— 1 aj))

for some i=1,..., or rand j=1 or 2. Then, by Lemma 4, there exists a push v; on
S2x D? such that for each stage n’ index o, S,=E,(0) U E,(1) where E,(1) and
E,(2) are disks and such that if /=0 or 1 then v; o w; o Fo(E(l) x {0}) is contained in
Int R(W™*(t;_1, ty, ax_1, ai)) for some j=1,..., or r+1 and k=1 or 2. For each
stage n’ index « choose a disk D, in Int D, and neighborhoods R(E,(0)) and
R(E, (1)) of E,0) and E,(1) on S, such that if /=0 or 1 then

vy 0 wy o Fo(E,(I) x D,) < Int R(W*(t;-1, t;, A1, Gx))

for the appropriate j and k. Then, by Lemma 2, for each stage n’ index « there
exists a push £;* on v; o w; o Fy(S, x D,) such that if B is a stage (n’+ 1) index and
X;< X, then there exists /=0 or 1 such that

fi 001 0wy 0 Fo(S5x{0}) € vy 0 wy o F(Ey(l) x Dy).
Let u, be the push on $2x D? such that
w|vy o wy 0 Fo(Syx D) = f¥ and u, = id elsewhere.
Then for each stage (n'+1) index 8
Uy o vy o wy o Fo(Spx{0}) < Int R(W*(t;_1, 8}, G —1, Ax))

for some j and k. Then for each stage (n'+1) index B there is a push gf on
Uy o U3 o wy o Fy(Sg x Dg) such that

83(uy o vy 0wy 0 Fo(Xp N My ) < Int R(W*(t;-1, t;, Qi -1, Gx))-
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Let &, be the push on S2%x D? such that
kiuy o vy o wy o Fo(Xp) = gf and k, = id elsewhere.
Finally let h,=k, * u, * v, * w, and n=n'+2.
6. Proposition (7, s).

LEMMA 5. Suppose S2=Z,U Z,U---UZ, where Z, is a disk-with-holes and
Z., ..., and Z, are the components of S*>—Int Z,, D*Int D? and ¢>0. Then there
is a push h, on S? x D? and an integer n such that for each stage n index « there exists
j=0, ..., or q such that hy(F(X,))<Int (N(Z,) x D?).

Proof. It is easy to show there exist numbers t,, ¢y, . . ., and #,,; and a push g; on
S2? such that 0=ty <t;<---<t,<t,,,=2and

BdZ, < gi[U{C(t) :i=0,...,orr+1} U M(0) U M(m)].

Then we can choose e>0 such that if 1<j<r+1 and k=1 or 2 then
g1(R(W(t;_1, t;, (k—)m, km)))= N«(Z)) for some i=0,..., or g. Hence Lemma 5
follows from Proposition (r, 1).

LEMMA 6. Suppose O=to<t;<---<t,,1=2 and O0=by<b;<--- <b;=2m. Let
a,=b, for 05k <s—2 and suppose b,_,<a,_,<b;_,<a,<b;=a;,,=2m and e>0.
Suppose also that S., ..., and S, are mutually disjoint polyhedral 2-spheres in
Int (S2x D2) such that if | Si<m then there exists j=1,...,orsandk=1,...,0rs
such that S;<Int R(W*(t;_1, t;, by_1, by)). Then there exists a push h, on S*x D?
such that h,=id outside R/(Z (a1, a;)) and such that for each i either '

(1) hy(S)<Int R(W*(t;-1, t;, A1, Q) for some j=1,..., or r+1 and some
k=1,...,0ors+1or

(2) S; contains a disk-with-holes P, such that there exists j=1,..., or s+1 and
k=1,..., or s+1 such that either

(@) h(P)<Int R(W*(t;-1, t;, Qi -3, Ax 1)) and

hy(Si—1Int P) < Int R(W*(t;-1, ¥}, a1, ax))
or
(b) hl(Pi)CInt Re(W*(tj_l, tj, Ay-1, ak)) and

hi(S;—Int P,) < Int R(W*(t;-1, t), -2, Gc—1))-

Proof of Lemma 6. Lemma 6 is proved by the arc-pulling techniques of Step 2
of Lemma 4.

Proof of Proposition (r, s). We suppose r=1, s>1 and Proposition (r, s—1) is
true. We have O=t,<t,< -+ <t,,;=2and0=ago<a;<---<da,,,=2m. Let b,=a,
for 0=k <s—2 and choose numbers b,_, and b, such that a,_, < b,_; <a,=b;=2mx.
By Proposition (r, s—1) there is a push w; on S2x D? and an integer n’ such that,
for each stage n’ index o, wy o Fo(X,)<Int R(W*(t,_;, t;, by_1, b;)) for some
i=1,...,orr+1and somej=1,..., ors. Then, using Lemma 5 and Lemma 6, we
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may find a push v, on S2 x D? and an integer n” > n’ such that if B is a stage n” index
then vy o wi(S; < {0})<Int R(W*(t;_1, 4, a;_1, a;)) for some i=1,...,or r+1 and
some j=1,..., or s+ 1. Finally there is a push u, on S2x D? such that u,=id
outside v; o w; o Fo(M,~) and such that if y is a stage (n”+ 1) index then

Uy o vy 0wy o Fo(X,) < Int R(W*(t;_1, i, ay_1, ay))
for the appropriate i and j. Then we let h,=u, * v, * w, and n=n"+1.
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